Abstract. Given a sample of points X in a metric space M and a scale r > 0, the Vietoris-Rips simplicial complex VR(X; r) is a standard construction to attempt to recover M from X up to homotopy type. A deficiency of this approach is that VR(X; r) is not metrizable if it is not locally finite, and thus does not recover metric information about M . We attempt to remedy this shortcoming by defining a metric space thickening of X, which we call the Vietoris-Rips thickening VR m (X; r), via the theory of optimal transport. When M is a complete Riemannian manifold, we show the the Vietoris-Rips thickening satisfies Hausmann's theorem (VR m (M ; r) ≃ M for r sufficiently small) with a simpler proof: homotopy equivalence VR m (M ; r) → M is canonically defined as a center of mass map, and its homotopy inverse is the (now continuous) inclusion map M ֒→ VR m (M ; r). Furthermore, we describe the homotopy type of the Vietoris-Rips thickening of the n-sphere at the first positive scale parameter r where the homotopy type changes.
Introduction
Let X be a set of points sampled from a metric space M ; the only information we retain about M is its metric restricted to X × X. In general it is impossible to reconstruct the homotopy type of M from this data, even if the set X is sufficiently dense (say an ε-net). A remarkable theorem of Latschev [18] states that if M is a closed Riemannian manifold and X is sufficiently close to M in the Gromov-Hausdorff distance, then one can recover the homotopy type of M . Indeed, consider the Vietoris-Rips complex VR(X; r), which has as its simplices the finite subsets of X of diameter less than r > 0. Latschev proves that for certain small values of r, complex VR(X; r) is homotopy equivalent to M . The Vietoris-Rips complex was defined independently by Vietoris who defined a homology theory for compact metric spaces ([29] and [19, VII §5] ), and by Rips who showed that torsion-free hyperbolic groups have finite Eilenberg-MacLane spaces [4, Theorem III 3.21] . More recently, Vietoris-Rips complexes have been a commonly used tool in computational topology and persistent homology [10] .
Though we started with a metric space X, the Vietoris-Rips complex VR(X; r) does not come equipped with a natural choice of metric. Indeed, VR(X; r) is not metrizable if it is not locally finite, meaning it is impossible to equip VR(X; r) with a metric without changing the homeomorphism type. We use optimal transport to build a family of metric spaces VR m (X; r) -the Vietoris-Rips thickenings -from the knowledge of pairwise distances in X. In these metric spaces we can take abstract convex combinations of points in X whenever they are at distance less than r from one another, just as in VR(X; r). If VR(X; r) is not locally finite then necessarily VR m (X; r) has a different (metrizable) topology. Furthermore, if M is a closed Riemannian manifold and X is Gromov-Hausdorff close to M , then VR m (X; r) is not only homotopy equivalent to M (for appropriate small r), but also Gromov-Hausdorff close to M (Lemma 3.5). We prove the following (see Lemma 3.5, Corollary 6.7, Proposition 6.9, Theorem 4.2):
Main Theorem. Let X be a metric space and r > 0.
(1) Metric space VR m (X; r) is an r-thickening of X; in particular the Gromov-Hausdorff distance between X and VR m (X; r) is at most r.
(2) If VR(X; r) is locally finite, then VR m (X; r) is homeomorphic to VR(X; r).
(3) If X is discrete, then VR m (X; r) is homotopy equivalent to VR(X; r).
(4) If M is a complete Riemannian manifold with curvature bounded from above and below, then VR m (M ; r)
is homotopy equivalent to M for r sufficiently small.
In the restricted setting where X is discrete, item (1) (3) relies on the nerve lemma, and a much more general statement is given in Remark 6.8. Item (4) is an analogue of Hausmann's theorem [14, Theorem 3.5] for Vietoris-Rips thickenings. Whereas Hausmann's homotopy equivalence VR(M ; r) → M relies on the choice of a total ordering of all points in M , our homotopy equivalence VR m (M ; r) → M is now canonically defined using Karcher or Fréchet means. Furthermore, the homotopy inverse of our map is the (now continuous) inclusion M ֒→ VR m (M ; r). We prove that the compositions are homotopy equivalent to the corresponding identity maps by using linear homotopies. In Section 2 we introduce our primary tool, the Wasserstein or Kantorovich metric on Radon measures of an arbitrary metric space; see Edwards [11] . We define Vietoris-Rips thickenings in Section 3 and give some of its basic properties. Section 4 proves metric analogues of Hausmann's and Latschev's theorems and the nerve lemma. In Section 5 we leverage this new metric viewpoint to determine the homotopy types of VR m (S n ; r), for all n, at the first positive scale parameter r where the homotopy type changes.
Ivan Marin in [21] studies related constructions which produce geometric classifying spaces for a topological group that is furthermore metrizable.
Preliminaries
Topological spaces. We write Y ≃ Z for homotopy equivalent topological spaces Y and Z. Given a topological space Y and a subset Z ⊆ Y , let Z denote the closure of Z in Y . We denote the n-dimensional sphere by S n and the closed n-dimensional disk by D n . Given a topological space Y , let C(Y ) be its cone- Metric spaces. Given a metric space (X, d), a point x ∈ X, and a real number r ≥ 0, we let B X (x, r) = {y ∈ X | d(y, x) < r} (or B(x, r) when the ambient space X is clear from context) denote the open ball of radius r about x. We let d GH (X, Y ) denote the Gromov-Hausdorff distance between metric spaces X and Y . An r-thickening of a metric space X, as defined in [12, 1.B] , is a larger metric space Z ⊇ X such that
• the distance function on Z extends that on X and
If Z is an r-thickening of X it follows that d GH (X, Z) ≤ r.
Simplicial complexes. Let K be a simplicial complex; we do not notationally distinguish between an abstract simplicial complex and its geometric realization. We let V (K) denote the vertex set of
Vietoris-Rips andČech complexes. Let X be a metric space and let r ≥ 0. The Vietoris-Rips simplicial complex VR < (X; r) (resp. VR ≤ (X; r)) has X as its vertex set, and {x 0 , . . . , x k } ⊆ X as a simplex whenever diam({x 0 , . . . , x k }) < r (resp. diam({x 0 , . . . , x k }) ≤ r). TheČech simplicial complexČ < (X; r) (resp.Č ≤ (X; r)) has X as its vertex set, and {x 0 , . . . , x k } ⊆ X as a simplex whenever
We write VR(X; r) orČ(X; r) when a statement is true for either choice of inequality, < or ≤, applied consistently throughout.
The Wasserstein or Kantorovich metric. All statements in this subsection follow from [11] . Let (X, d) be an arbitrary metric space. A measure µ defined on the Borel sets of X is a Radon measure if it is inner regular, i.e. µ(B) = sup{µ(K) | K ⊆ B is compact} for all Borel sets B, and if it is locally finite, i.e. every point x ∈ X has a neighborhood U such that µ(U ) < ∞. Let P(X) denote the set of probability Radon measures such that for some (and hence all) y ∈ X, we have X d(x, y) dµ < ∞.
Define a metric on X × X by setting the distance between (
. Given µ, ν ∈ P(X), let Π(µ, ν) ⊆ P(X × X) be the set of all probability Radon measures π on X × X such that µ(E) = π(E × X) and ν(E) = π(X × E) for all Borel subsets E ⊆ X.
Definition 2.1. The 1-Wasserstein metric on P(X) is defined by
In what follows we denote the metric d P(X) : P(X) × P(X) → R by d : P(X) × P(X) → R, as it extends the metric d : X × X → R.
The infimum in this definition is attained. This metric, which solves the Monge-Kantorovich problem, has many names: the Kantorovich, Wasserstein, optimal transport, or earth mover's metric; see Vershik's survey [28] .
A generalization of the Kantorovich-Rubinstein theorem for arbitrary (possibly non-compact) metric spaces, proven in [11, 16, 17] , states that the 1-Wasserstein metric satisfies
Here Lip(f ) denotes the Lipschitz constant of f . As a consequence, Definition 2.1 indeed defines a metric on P(X). Given a point x ∈ X, let δ x ∈ P(X) be the Dirac probability measure with mass one at x. The map X → P(X) defined by x → δ x is an isometry onto its image.
The Vietoris-Rips thickening
Let x 0 , . . . , x k ∈ X. Whenever we write µ = k i=0 λ i δ xi , we assume that λ i ≥ 0 for all i and i λ i = 1; hence µ is a probability measure. If we require each λ i > 0, then this representation is unique. Measure µ is locally finite (as a probability measure it is in fact finite), and it follows that µ is a Radon measure. Furthermore, note that µ ∈ P(X) since for any y ∈ X, we have
Definition 3.1. Let X be a metric space and r ≥ 0. The Vietoris-Rips thickening is the following submetric space of P(X), equipped with the restriction of the 1-Wasserstein metric:
We include a superscript m to denote "metric." By convention VR m < (X; 0) is the empty set, and VR m ≤ (X; 0) is equal to X as a metric space.
Thus the Vietoris-Rips thickening of a metric space X is the space of all (abstract) convex combinations of nearby points in X with the Wasserstein metric. A qualitative difference to the usual Vietoris-Rips complex is that the natural embedding X → VR m (X; r) is now a continuous map (and even an isometry). In fact,
we will naturally consider X to be a subset of VR m (X; r) and write
can be written as
The cost of a matching in this finite setting is The Vietoris-Rips thickening is only one example of a more general construction. Definition 3.4. Let X be a metric space and let K be a simplicial complex with vertex set V (K) = X. The metric thickening K m is the following submetric space of P(X), equipped with the restriction of the 1-Wasserstein metric:
Examples include not only Vietoris-Rips thickenings VR m (X; r) = (VR(X; r)) m , but alsoČech thickeningsČ m (X; r) = (Č(X; r)) m , alpha thickenings, and witness thickenings, etc. Alpha simplicial complexes are defined for example in [10] , and witness complexes in [8, 7] . As before, we write 
Proof. It is clear that the Wasserstein metric on K m extends the metric on X. Next, consider any point
We may therefore say K m is a metric r-thickening if each simplex of K has diameter at most r. Note VR m (X; r) is a metric r-thickening andČ m (X; r) is a metric 2r-thickening.
We briefly relate metric thickenings to configuration spaces. Let X be a metric space and K a simplicial complex on vertex set X. Denote the n-skeleton of
denote the configuration space of n + 1 unordered points in X by C n+1 X. If K is the maximal simplicial complex on vertex set X, then we have
where a deformation retraction is obtained by collapsing each open simplex to its barycenter. A related space is exp n X, the set of all finite subsets of X of cardinality at most n, as studied by Tuffley in [27].
3.1. Basic properties. Let X, Y be metric spaces and K, L be simplicial complexes with vertex sets
Lemma 3.6. Let X, Y be metric spaces and K, L be simplicial complexes with vertex sets
. This means there is some π i,j ≥ 0 with
and hencef is c-Lipschitz.
Remark 3.7. Note that f continuous need not imply thatf is continuous. Indeed, consider
Define the continuous map f : X → R by
Let K = VR(X; ∞) and L = VR(R; ∞) be the maximal simplicial complexes on their vertex sets. Note that
A metric thickening K m abstractly is the space of convex combinations of points in X, and taking convex combinations (wherever defined) is a continuous operation in the Wasserstein metric. This is made rigorous in the following lemma.
Lemma 3.8. Suppose K m is a metric r-thickening and f : K m → K m is a continuous map such that
For notational convenience, let
To get a bound on the distance in (2), we will define a matching q i,j with 1
As required for a matching we have q i,j ≥ 0,
We will need the following observation. Since d(µ, µ ′ ) ≤ ε, there is at least one pair of vertices
Putting the pieces together, we have
Hence H is continuous since f is.
Metric analogues of Hausmann's theorem, the nerve lemma, and Latschev's theorem
In this section we prove metric analogues of Hausmann's theorem, the nerve lemma, and Latschev's theorem. Let M be a Riemannian manifold. Hausmann's theorem [14, Theorem 3.5] states that there exists some real number r(M ) sufficiently small (depending on the scalar curvature of M ) such that if 0 < r ≤ r(M ), then VR < (M ; r) is homotopy equivalent to M . Hausmann's homotopy equivalence T : VR < (M ; r) → M is extremely non-canonical; it depends on the choice of an arbitrary total ordering of all of the points in M . Furthermore, if M is not a discrete metric space then the inclusion M ֒→ VR < (M ; r) is not continuous and hence cannot be a homotopy inverse. By contrast, we use Karcher means to define a map g : VR m (M ; r) → M which is a homotopy equivalence for r sufficiently small. A key feature of our proof is that we give a canonical choice for map g, which furthermore has the continuous inclusion M ֒→ VR m (M ; r) as a homotopy inverse.
The following technology regarding Karcher means is from [15] . Let complete Riemannian manifold M and real number ρ > 0 satisfy the following conditions: Let A be a measure space of volume 1. Given a point m ∈ M and a measurable map f : 
We now restrict attention to the case when A is a measure space on a finite set. Given r < ρ, note that a point µ = k i=0 λ i δ xi ∈ VR m (M ; r) can be thought of as a mass distribution f µ : A → B(x 0 , ρ) where A = {0, 1, . . . , k}, where the mass of element i ∈ A is λ i , and where f µ (i) = x i . Using the Karcher mean, we define a map g :
2 )-Lipschitz and hence continuous.
Let A be the measure space on the finite set {0, . . . , k} × {0, . . . , k ′ } such that the measure of element
then there is at least one pair of vertices x i ∈ {x 0 , . . . , x k } and x
Letting m = x i (for example) gives, by the triangle inequality, that
Hence we have
Since this is true for all ε > 0, we have
2 )-Lipschitz and therefore continuous.
We can now prove our main result: the Vietoris-Rips thickening of a complete Riemannian manifold M accurately recovers the homotopy type of M for sufficiently small distance parameter r. 
Map H is continuous by Lemma 3.8, and therefore g : VR m (M ; r) → M is a homotopy equivalence.
The paper [3] proves a variant of the metric Hausmann's theorem when manifold M is instead a subset of Euclidean space, equipped with the Euclidean metric.
Recall that theČech complexČ(M ; r) has vertex set M and a k-face {x 0 , . . . , Latschev's Theorem [18] states that if M is a closed Riemannian manifold, then for any r sufficiently small there exists a δ (depending on r) such that if d GH (M, X) < δ, then VR < (X; r) ≃ M . We immediately get an analogue of Latschev's theorem for Vietoris-Rips thickenings when X is finite. Proof. Since X is finite, Proposition 6.5 gives that VR m < (X; r) and VR < (X; r) are homeomorphic. Then we have VR < (X; r) ≃ M by Latschev's theorem [18] . 
Vietoris-Rips thickenings of spheres
In this section we study the Vietoris-Rips thickenings of spheres. To do so, we first need to study the continuity properties of maps from metric thickenings into Euclidean space.
Maps to Euclidean space. Let X be a metric space and K a simplicial complex with V (K) = X. We study when a map from X into R n induces a continuous map on a metric thickening K m . Given a function f : X → R n , by an abuse of notation we also let f : K m → R n denote the map defined by
is a linear combination of vectors in R n .
Remark 5.1. Note that f : X → R n continuous need not imply f : K m → R n is continuous. Indeed, as in Remark 3.7, let
Define the continuous map f : X → R by f (x, 0) = 0 and f ( 1 n , 1) = n 2 . Let K = VR(X; ∞) be the maximal simplicial complex on vertex set X. Note that µ n = n−1 n δ (
Lemma 5.2. Let K m be a metric thickening on vertex set X. If f : X → R n is c-Lipschitz, then so is
and hence f is c-Lipschitz.
Lemma 5.3. Let K m be a metric thickening on vertex set X. If f : X → R n is continuous and bounded, then so is f :
Proof. Let C be such that f (x) − f (y) ≤ C for all x, y ∈ X. Fix a point λ i x i ∈ K m and ε > 0.
Using the continuity of f at the finitely many points x 1 , . . . , x n , choose δ > 0 so that d(x i , y) ≤ δ implies f (x i ) − f (y) ≤ ε/2 for all i. Reducing δ if necessary, we can also assume δ ≤ ε 2C . We will show that
To see that f : K m → R n is bounded, note that f (K m ) is contained in conv(f (X)).
Vietoris-Rips thickenings of spheres. Let A n+1 be the group of rotational symmetries of the regular n-simplex in R n . Note A n+1 is a subgroup of the special orthogonal group SO(n) that is isomorphic to the alternating group on n + 1 vertices. For example, the group A 3 is isomorphic to Z/3Z, and the group A 4 is known as the tetrahedral group. The moduli space of regular (n + 1)-simplices inscribed in S n ⊆ R n+1 is given by
An+2 . Denote by S n the n-dimensional sphere equipped with either the Euclidean or the geodesic metric, and let r n be the diameter of an inscribed regular (n + 1)-simplex in S n . We will show in Theorem 5.5 that VR m (S n ; r) ≃ S n for 0 < r < r n , that VR m < (S n ; r n ) ≃ S n , and that VR
An+2 . In particular, let S 1 be the circle of unit circumference equipped with the path-length metric; this gives 
Let f : VR m ≤ (S n ; r) → R n+1 be the projection map sending a finite convex combination of points in S n to its corresponding linear combination in R n+1 . This map f is Lipschitz by Lemma 5.2. Let π : R n+1 \{ 0} → S n be the radial projection map. In addition, let W be the set of all interior points of regular (n + 1)-simplices inscribed in VR ≤ (S n ; r n ). More precisely, W = n+1 i=0 λ i x i λ i > 0 for all i and {x 0 , . . . , x n+1 } is a regular (n + 1)-simplex . Note the closure of W in VR ≤ (S n ; r n ) is homeomorphic to D n+1 ×
SO(n+1)
An+2 .
Lemma 5.4. The maps πf : VR m (S n ; r) → S n for 0 < r < r n , πf : VR m < (S n ; r n ) → S n , and πf : VR m ≤ (S n ; r n ) \ W → S n exist and are homotopy equivalences.
Proof. An identical proof works for all three maps, and hence let Y denote either VR m (S n ; r) for 0 < r < r n ,
by the proof of [20, Lemma 3] . Map πf is continuous since π and f are. We will show that the homotopy inverse to πf is the inclusion map i : S n ֒→ Y , which is continuous only since Y is equipped with the Wasserstein metric. Clearly πf
. This map is well-defined because if µ = k i=0 λ i x i , then {x 0 , . . . , x k , πf (µ)} is a simplex in Y ; see [3] . Since πf is continuous, map H is continuous by Lemma 3. Proof. We will construct the following commutative diagram.
For y ∈ SO(n+1) An+2 let {y 0 , . . . , y n+1 } be the n + 2 vertices of the rotated regular (n + 1)-simplex parameterized by y, and let
be the boundary of the corresponding simplex. Note πf | ∂∆y : ∂∆ y → S n is bijective. Define map g :
→ VR m ≤ (S n ; r n ) \ W by letting g(x, y) be the unique point of ∂∆ y such that πf (g(x, y)) = x; that is, g(x, y) = (πf | ∂∆y ) −1 (x). Note πf • g = h, meaning the square commutes.
We now have the following sequence of homotopy equivalences. 
Remark 5.7. Since SO(n + 1) is a compact Lie group of dimension n+1 2 , we havẽ
For the case n = 2, let T = A 4 be the tetrahedral group. Let 2T be the binary tetrahedral group; it has 24 elements but is isomorphic to neither S 4 nor T × Z/2Z. The spherical 3-manifold
2T has fundamental group isomorphic to the binary tetrahedral group 2T with abelianization Z/3. Since
SO(3)
T is a 3-dimensional closed orientable manifold, this gives
Remark 5.8. We conjecture that for all n, there exists an ε > 0 such that VR
for all r n ≤ r < r + ε, and such that VR < (S n ; r) ≃ Σ n+1 SO(n+1) An+2 for all r n < r < r + ε.
Maps between Vietoris-Rips complexes and thickenings
Let X be a metric space and K a simplicial complex on vertex set X. We study some of the basic relationships between the simplicial complex K and the metric thickening K m . Note there is a natural bijection from the geometric realization of K to K m , given by λ i x i → λ i δ xi . We will show that the function K → K m is continuous, a homeomorphism if X is finite, and a weak equivalence if X is discrete (Propositions 6.4-6.9). The reverse function K m → K is continuous if and only if K is locally finite (Proposition 6.6). By an abuse of notation, we will let µ denote both λ i δ xi and λ i x i . One could also compare the spaces considered in this section to the metric of barycentric coordinates in [4, Section 7A.5] and [9] . A related construction is given in [22] .
To prove that K → K m is continuous, we factor this function through the space K , defined as follows.
As a set K is equal to the geometric realization of K. Let the standard n-dimensional simplex be the set of all points (λ 0 , . . . , λ n ) ∈ R n+1 with λ i ≥ 0 and λ i = 1. We equip the simplex with the ℓ 1 metric: for two points in the n-simplex we let
The metric on each connected component of K is the quotient metric on the disjoint union of simplices obtained by identifying faces. That is, given two points µ, µ ′ in the same connected component of K , let S be the set of all finite sequences µ = µ 0 , µ 1 , . . ., µ k = µ ′ such that µ i and µ i+1 belong to a common simplex for all i. Then the distance between µ and µ ′ in K is defined as
where this infimum is ∞ if S = ∅. Each connected component is a quotient metric space. In general the quotient of a metric space is only a pseudometric space, but by [6, Definition 3.2.4] this defines a metric on each connected component of K .
Lemma 6.1. The function K → K is continuous.
Proof. Let C be a closed set in K ; we must show that C is closed in K. Every closed simplex σ in the geometric realization of K is also closed in K since a convergent sequence of points in σ must converge to a point in σ. Hence the intersection of C with any simplex is closed in K . By definition this means that C is closed in K.
Lemma 6.2. If every simplex in K has diameter at most r, and µ and µ ′ belong to a common simplex in
Proof. Since µ and µ ′ belong to a common simplex [x 0 , . . . , x k ], we may write µ = λ i x i and µ
Consider the matching π i,j defined by
for i > 0, and π i,j = 0 otherwise. Proof. Given two points µ, µ ′ in the same connected component of K , let S be the (nonempty) set of all sequences µ = µ 0 , µ 1 , . . ., µ k = µ ′ such that µ i and µ i+1 belong to a common simplex for all i. We have
This gives Lipschitz-continuity on any connected component. Proof. Suppose K is locally finite. Let {µ j } be a sequence converging to µ =
Note that Y is finite since local finiteness of K implies there are only a finite number points x ′ within distance r from any x i , and also only a finite number of points x within distance r from any x ′ . There exists some For the reverse direction, suppose K is not locally finite. Then some point x ∈ X is contained in an infinite number of simplices, and hence in an infinite number of edges. Let x 1 , x 2 , x 3 , . . . be a sequence of distinct vertices in X such that each [x, x i ] is an edge of K. The sequence (1 −
However, this sequence does not converge to x in the geometric realization of K. Indeed, any convergent sequence together with its limit point is compact, but the set {x} ∪ {(1 −
is not compact in the geometric realization of K because it is not contained in a finite union of simplices.
Combining Propositions 6.4 and 6.6 gives the following. Let X be an arbitrary metric space and K a simplicial complex on vertex set X. For σ ⊆ X, denote by
the star of σ. We will consider the covering of K m by the sets U = {st(x) | x ∈ X}. For any finite σ ⊆ X we have that x∈σ st(x) = st(σ). Note st(σ) = ∅ if and only if σ / ∈ K; this implies that the nerve of U is isomorphic to K. If st(σ) is nonempty it is contractible: let µ = x∈σ 1 |σ| x be the barycenter of σ, then
is a deformation retraction to the point µ. It follows that the sets in U and their finite intersections are either empty or contractible. Hence whenever the nerve lemma applies to the covering U, we get as a consequence that K is homotopy equivalent to K m . In particular, since every metric space is paracompact [25, 23] , the nerve lemma as stated in Corollary 4G.3 of [13] applies whenever U is a family of open sets.
If X is discrete then the sets st(x) are open, and we obtain:
Proof. Fix x ∈ X; we only need to show that st(x) is open. Since X is discrete, there exists some ε(x) > 0 such that B X (x, ε) = {x}. We end this section with two corollaries of Proposition 6.5 which relate to persistent homology [10] . If X a metric space, then VR m (X; −), VR(X; −),Č m (X; −), andČ(X; −) define filtered topological spaces (since r ≤ r ′ implies VR m (X; r) ⊆ VR m (X; r ′ )). We let PH i (VR m (X; −)) denote the persistent homology module of VR m (X; −) in homological dimension i ≥ 0.
Corollary 6.11. Let X be a finite metric space. For any dimension i ≥ 0 the persistent homology modules PH i (VR m (X; −)) and PH i (VR(X; −)) are isomorphic, and the persistent homology modules
and PH i (Č(X; −)) are isomorphic.
Proof. Note that if r ≤ r ′ , then the following diagrams commute.
The result now follows from Proposition 6.5.
Corollary 6.12. Let X and Y be finite metric spaces and i ≥ 0. Then where we use d to denote both the metric on X and on P(X). In this section we verify by hand, instead of appealing to [11] , that d indeed defines a metric on K m .
First, note that d is nonnegative, symmetric, and equal to zero if and only if the two inputs are identical. Hence it suffices to check that d satisfies the triangle inequality. Let µ = 
Since this is true for all ε > 0, the triangle inequality holds. More generally, we can define the p-Wasserstein metric on K m for any 1 < p ≤ ∞ via 
Since this is true for all ε > 0, the triangle inequality holds.
